Abstract. Putnam's inequality tt||r*T-rr*|| ámeas2(sp(r))
An operator iona
Hubert space 3C is called seminormal in case its selfadjoint self-commutator D-A*A-AA* is positive semidefinite (P^O) or negative semidefinite (P^O). When P^O the operator A is said to be hyponormal.
Putnam [7] has conjectured that if A is seminormal then (1) 7r||P|| :£ meas2(sp (^4)) where meas2 denotes Lebesgue planar measure and sp(^4) denotes the spectrum of A. After this paper had been submitted for publication Putnam [ó] discovered a proof of his remarkable inequality (1) for the general seminormal operator A. In §4 we will establish (1) in the case where D is compact. We will also determine the spectrum of the seminormal singular integral operator defined on L2(0, 1) by = lim ess sup ± | <*>(0f:
In §3 we will prove Theorem 1. If T is the operator defined by (2) then sp(D = (x + iy.O á * £ hic £ y = Mt\.
In [7] Putnam obtains Theorem 1 in the case where <p is Riemann integrable. Theorem 1 will yield (1) for all operators of the form (2). As is shown by an example in §3 the inequality may be strict. The essential spectrum of operators of the form (2) when <p is smooth has been studied by Schwartz [9] .
2. For an operator B on 3C and complex number z = x-\-iy we will write Bz = B-zI and BZ=B*-Si.
If B-H-\-iJ is the cartesian decomposition of B where H and / are selfadjoint then Bz = Hx+iJy. The fine structure of the spectrum of an operator B will be needed ; we will denote the compression spectrum of B by 2(5) = {z:B*x = 0, x£3C, x^OJ, the approximate point spectrum byir(B) = {z:Btxn-+0, In case H is selfadjoint we will write for ß a Borel set E(ß) as the spectral projector of H associated with ß. If A =H-\-iJ is seminormal on 3C then Aß = E(ß)AE(ß) is seminormal on Xß = E(ß)3C. It will be more convenient to write Aß=ßAß when there is only one spectral measure involved.
The following theorem is proved in Putnam [4, p. 46] : Theorem 2. Let A =H+iJ be seminormal then prx(sp(^4)) =sp(77) and pr"(sp(/l)) =sp(J). (pr* and pr" denote the projections on the x and y axes respectively.)
We will also use the following lemma of Putnam [7] : Lemma 1. Let A=H-\-iJ be hyponormal and A= [a, b] , then x -\-iyEir(A) for x£(a, b) if and onlyif x-\-iyE^(A^).
A selfadjoint operator H with spectral measure E(ß) for ß a Borel set is said to be absolutely continuous in case the measure px(ß) = \\E(ß)x\\2 is absolutely continuous with respect to Lebesgue measure for each x£3C.
We now prove the following lemma inspired by Lemma 4 of Putnam [7] . Select from the x"G3C a weakly convergent subsequence xn-^->q. Now Proof. If such a point z0 exists then by Theorem 3 there is a subspace 9TC of 3C reducing A on which A acts like a normal operator, and the spectrum of the restriction ^4i of A to 311 is contained in a vertical segment. Then the real part Hioî Ai would have an eigenvalue and so would H contradicting the fact that H is absolutely continuous. Rosenblum's result. Since the real part of T' is absolutely continuous this is impossible (by Lemma 3) unless some portion of (x-b/2,x + h/2)X(y-b'/2,y + h/2) isinsp(P'). From Lemma 1 we conclude this portion of sp(P') must be in S(P')\t(P') which is open. Consequently sG2(P') and since the commutator of T is compact it follows from Lemma 2 that zE^(T).
Putnam [7] has shown that sp(P) is a subset of {s+it: O^s^l,
M~ ^t^Mt] and therefore the proof of Theorem 1 is complete.
Note that we do not determine the fine structure of sp(P). As was remarked above this determination of sp(P) yields the inequality (1) A similar argument works in case b+iy is in sp(^4a) and this completes the proof. We can now prove The following theorem due to Putnam [4, p. 42] shows that absolute continuity of Pi"can be attained.
Theorem 5. Let T = H-\-iJ be seminormal on the Hubert space 3C. Let 9TC = 91Zr denote the smallest subspace of 3C containing the range of D and invariant under both T and T*, then the restriction of T to 3TC has absolutely continuous real part, moreover, T on the orthogonal complement of 2(11 is normal.
Then Theorems 4 and 5 combine to give Theorem 6. Let T = H-\-iJ be seminormal with compact selfcommutator, thenw\\ T*T-TT*\\ i£meas2(sp(P)).
Obviously it follows from Theorem 6 that if T is seminormal with compact self-commutator and meas2(sp(P)) =0 then P is normal. 
